When a hot gravitating sphere cools, gravitational potential energy is lost in contraction. We consider a sphere that can be taken as in continual hydrostatic equilibrium for slow changes of state, and, assuming radial symmetry, set up the modified Fourier equation for heat conduction. This contains two extra terms, one contributed by the heating effect of contraction, and another from the change of temperature gradients with shrinkage. This equation is checked by integration through time and through the sphere to give a comprehensive energy equation.
When a hot gravitating sphere cools, gravitational potential energy is lost in contraction. We consider a sphere that can be taken as in continual hydrostatic equilibrium for slow changes of state, and, assuming radial symmetry, set up the modified Fourier equation for heat conduction. This contains two extra terms, one contributed by the heating effect of contraction, and another from the change of temperature gradients with shrinkage. This equation is checked by integration through time and through the sphere to give a comprehensive energy equation.
For an initial parabolic temperature distribution in the Earth, the heating effect of contraction is small, and more than counteracted by the extra cooling provided by increased temperature gradients. Moreover, it is probable that the modifications to the first (uniform rigid sphere) approximation which are needed to allow for departures from uniformity in density, specific heat, and thermal conductivity in the Earth are greater than those which allow for contraction. I. Introduction.-When a hot gravitating sphere cools, it contracts, and gravitational potential energy is lost. Professor Harold Jeffreys has suggested* that the customary neglect of the effects of contraction in discussion of the Earth's thermal history needs justification ; for a contraction of (say) 40 km in the Earth's radius would mean a loss of potential energy of 4 x Io6gergs/g near the surface. If we assume that half of this becomes heat, the contraction produces about 47cal/g near the surface, and this, if not conducted away, would suffice to raise the local temperature by about zoo deg. C. But at the same time the rate of conduction would be increased, so that quantitative examination of the effect is needed. The object of this paper is to set up the equation of heat conduction, modified to allow for contractional heating, and to indicate a method of approximate solution applicable to the cooling of the Earth.
We consider a sphere having radial symmetry in all respects, and always in hydrostatic equilibrium. Let the original density, hydrostatic pressure, temperature, and gravitational potential at a distance R from the centre be p,, p,, B,, U,.
These are all functions of R, which ranges from o to a, the original radius of the sphere.
At time t, the element of mass dm=p,R2dRdw, which originally lay within the solid angle'dw and between spherical surfaces of radii R and R + dR, will still lie within dw.
Some of this becomes heat.
Let its inner radius now be ~= R ( I + E ) ,
where E is a function of R and t. We shall take E to be small, and neglect quantities ,of the order of e2. work, since it is used only in evaluating a first-order term.
by the element dm in time S t .
This is an approximation, adequate for the following (vi) Equation ofheat conduction-Let 8 (dQ) be the heat absorbed (in calories)
Then
where T is the absolute temperature, c, the specific heat at constant pressure, and J the mechanical equivalent of heat (I, 2). This heat is provided by conduction across the boundaries, and by production (chemical, radioactive, or frictional) within dm. Thus The term on the left represents the gain in heat energy by internal production (radioactive, etc.). The first term on the right is
and this is the total outflow of heat by conduction across the outer surface of the sphere.
To interpret the last two te.rms of (3.1) we note that when dm absorbs an amount S(dQ) of heat, the consequent gain in internal energy (of elastic strain and heat, which are inseparable thermodynamically since no particular assumptions are made about molecular structure) is given by 6(dE) =6(dQ) -pS(dw), where dw is the volume of dm. Thus, by (2.8),
Hence the last two terms of (3.1) are equivalent to
(3-3)
where the inner integral is to be evaluated throughout the sphere, whose total mass is denoted by M. They represent the total gain in internal energy together with the total work done by hydrostatic pressure.
But The left-hand side of this equation occurs in the usual Fourier equation for heat conduction in a rigid sphere of non-uniform conductivity K, and the first term on the right is the usual contribution from internal heat sources. The second term on the right arises from the change in rate of heat conduction due to reduction of radii in contraction-distances being reduced, gradients are increased. The last term expresses part of the heating effect of contraction. The remaining part is hidden in the first term poc,ae/at, where c, has replaced the c, appropriate to isovoluminal heat conduction. Since c, is usually greater than c,, this replacement means at all positions and all stages a slight reduction in %/at, i.e. a slowing down of the whole process of cooling. We now proceed to further simplifications which become possible when we consider the cooling Earth. We first note that our hypothesis of hydrostatic equilibrium is approximately satisfied in the Earth, since evidence from isostasy shows that below a depth of about 50 km the materials yield under slowly changing stresses.
The thermal conductivity and other constants of the materials which constitute the Earth are such that conductive cooling proceeds extremely slowly. I n fact, during the Earth's history cooling has been practically confined to depths of a few hundred kilometres, and the solution of the heat conduction equation is best expressed in terms of error functions rather than Fourier series, so as to yield a good approximation for early stages of cooling. where zRis the " mean stretching with respect to radius " in the stratum of thickness
We need more definite assumptions concerning pocp and K; let us write
where Co and KO are constants which give the best approximations over the range of temperatures and depths with which we are concerned. Then, to the first order, (4.1) becomes where h2 = KO/',, and KO replaces K in the first-order term containing (E -RE').
Comparing (4.3) with (4.1) we see that the left-hand side is now that of the usual Fourier equation for a uniform rigid sphere, while the right-hand side contains two further correction terms allowing for non-uniformity of the material. Solving (2.2) for E we have 5. iMethod of solution.-We use the method of successive approximation. We take as first approximation E*=o, A,=o, and 8=8,,
conduction of a gravitating sphere, with special reference to the Earth 407 where O1 is the appropriate solution of (4.3) when the terms on the right-hand side are neglected.
Substituting from (5.1) into (4.5) we obtain the second approximati on A2 = "(8, -Oo), and hence c2 from (4.4). Finally we substitute O,, A2, and c2 into the right-hand side of (4.3) and solve the resulting equation for 02. This is the required temperature distribution, in which first-order corrections have been made to allow for the heating effect of contraction, internal heat production, and nonuniformity.
Numerical results can be obtained only after we have adopted definite expressions in place of the general functions Oo(R), C,(R, e), K,(R, O), and P(R).
Unfortunately the present lack of knowledge of the circumstances of the Earth's origin, the behaviour of its materials at high temperatures and pressures, and the distribution of radioactivity, make even the most careful assumptions still very arbitrary.
A numerical solution has been obtained ( where S and m are constants. The Heaviside operational method was used, since it has been shown by Hartree (6), JeiTreys and Jeffreys (7) and others to be peculiarly appropriate to problems on early stages of cooling, the solution being given in a series of error functions which converges with great rapidity. Plausible assumptions as to the values of the various constants employid lead to results whose order of magnitude is probably correct. The conclusions are as follows :
I. It is probable that the heating effect of contraction is more than counteracted by the speedier outflow of heat due to increased temperature gradients.
.
It is probable that the corrections demanded by departures of the Earth's crust from homogeneity as regards density, specific heat, and thermal conductivity are larger than those which allow for contraction. 3 . None of these effects is large enough to make fundamental changes in the picture of the Earth's thermal history which is derived from discussion of the cooling of a rigid uniform sphere, with allowance for radioactivity.
